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We study collective phenomena in highly heterogeneous cardiac cell culture and its models. A
cardiac culture is a mixture of passive 共fibroblasts兲, oscillatory 共pacemakers兲, and excitable 共myocytes兲 cells. There is also heterogeneity within each type of cell as well. Results of in vitro experiments are modelled by Luo–Rudy and FitzHugh–Nagumo systems. For oscillatory and excitable
media, we focus on the transitions from fully incoherent behavior to partially coherent behavior and
then to global synchronization as the coupling strength is increased. These regimes are characterized qualitatively by spatiotemporal diagrams and quantitatively by profiles of dependence of individual frequencies on coupling. We find that synchronization clusters are determined by concentric and spiral waves. These waves arising due to the heterogeneity of medium push covered cells
to oscillate in synchrony. We are also interested in the influence of passive and excitable elements
on the oscillatory characteristics of low- and high-dimensional ensembles of cardiac cells. The
mixture of initially silent excitable and passive cells shows the transitions to oscillatory behavior. In
the media of oscillatory and passive or excitable cells, the effect of oscillation death is observed.
© 2008 American Institute of Physics. 关DOI: 10.1063/1.2956985兴
The study of collective behavior of networks of coupled
elements is one of the fundamental problems of theoretical physics. In this paper we present in vitro experiments
as well as numerical experiments on the dynamics of systems consisting of a mixture of excitable and passive elements. The in vitro experiment shows that, immediately
after plating, there is no visible beating during some
hours. However, after long enough time, the cells begin to
aggregate and clusters of myocytes are starting to form.
Then these clusters start to beat and synchronize after
about 40 h. During the synchronization, the cardiac cell
culture enters into a synchronized state with travelling
waves. In numerical experiments, we investigate cardiac
single cell models: cardiac myocytes, pacemakers, and fibroblast models, as well as models with mixed structures,
fibroblast-myocyte interaction and fibroblast-pacemaker
interaction. Pulse propagations in 1D mixture, lattices,
and mixtures of different cells are studied. In order to
understand our numerical results analytically, we have
also investigated the FitzHugh–Nagumo model. Properties of a single cell are studied and its behaviors classified.
Next, we consider the transitions from excitability to oscillations, from oscillations to excitability, and characteristics of mutual influence in two coupled cells. The main
effects are investigated in lattices. We are interested in
the cluster and global synchronization mediated by concentric and spiral waves resulting from the oscillations
generated in an initial silent medium and the oscillation
death in an initially partial active medium.
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I. INTRODUCTION

The study of collective behavior of networks of coupled
elements is one of the fundamental problems of theoretical
physics and is applicable in different areas including applied
physics,1 chemistry,2 physiology,3 and biology.4 In ensembles
of coupled elements, different forms of coherent behavior
can be observed: different synchronous regimes, pattern formation, plane and spherical wave propagation, spiral waves
complex structures formation as the result of interaction of
rather simple waves, and spatio-temporal chaos. Most of the
phenomena observed in computer simulations are directly
related to the processes in real biological systems.
The dynamical effects mentioned above were investigated mostly in systems composed of active elements of only
a single type: either all oscillatory elements or all excitable
elements. Most results were obtained for homogeneous media. Recently, there are already works5–9 done to understand
the influence of the heterogeneity of oscillatory and excitable
media on the dynamics of the waves in the system.
However, most systems in nature are complex compound
media which include a mixture of cells of different types:
oscillatory, excitable, and passive. The heart belongs to these
systems.10 Oscillatory cells in heart are the cells of pacemakers, e.g., sinus-atrial node; excitable cells are the cardiac
myocytes; passive cells are the fibroblasts. In addition to the
difference in possible behavior of individual cells, the parameter mismatch of the cells of common type always exists.
Latest physiological experiments11 have already shown that
it is necessary to consider all types of elements and their
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natural structures to reproduce processes and effects in the
heart adequately. The cardiac tissue heterogeneities are typical for a healthy heart. Under certain conditions, these heterogeneities can contribute to different heart arrhythmias.
Hence the study of collective behavior in mixed media consisting of passive, excitable, and oscillatory cells is very important. Up until now, there are nearly no studies on the
dynamics of such complex media. In the modelling of cardiac tissue, the main difficulties must be noted. Connections
between myocytes, between pacemakers and between myocytes and pacemakers are via gap junctions.12 Not much is
known about the interconnection between fibroblasts, cardiac
myocytes and fibroblasts, pacemakers, and fibroblasts. In our
study for this connections, we will consider functional gap
junction coupling following Ref. 13.
The investigation of collective behavior in mixed media,
especially the big variety of different synchronization phenomena, is in the focus of this paper. In Sec. II, some results
on the synchronization of a cardiac culture experiment are
briefly presented. This provides a good example of the interesting dynamics one can observe in complex media mentioned above. Then computer simulation models based on the
Luo–Rudy formulation are developed in Sec. III to understand the observations reported in Sec. II. In Sec. IV, models
of simple FitzHugh–Nagumo elements are used to provide a
theoretical basis for the understanding of the numerical results in Sec. III.
II. IN VITRO EXPERIMENTS: SYNCHRONIZATION
IN GROWING HETEROGENEOUS EXCITABLE
AND PASSIVE MEDIA

Experiments14 on the dynamics of systems consisting of
a mixture of excitable and passive elements are performed in
cardiac cultures with both fibroblast 共passive兲 and cardiac
myocytes 共excitable兲. The cardiac cell cultures are prepared
with established procedure.9,15 In brief, ventricle of hearts of
10 postnatal 共2–3 days兲 mice are removed and finely minced.
The pieces are immersed in dissociation solution and stirred
in 37 ° C for 15 min. The dissociated tissue is resuspended in
high serum medium to form cell suspensions. Usually, the
cell suspension obtained will consist of both fibroblast and
cardiac myocytes. Since cardiac myocytes will not divide
while the fibroblast can double in number about every 24 h,
a special procedure is used to maximize the number of myocytes in the cultures. In this procedure, most fibroblasts in
the cells suspensions are removed by incubating the cell suspension in a flat bottom flask before plating. The final cell
suspension will usually contain only about 10%–20% fibroblasts kept and cells are plated in a 9.6 cm2 Petri dish at
density of 106 cells/ mm2. The sample dish is placed under
an inverted microscope equipped with an incubator 共37 ° C
and 5% CO2兲. The microscopy image of the cultures are
digitized and analyzed by computers.
The cultures prepared by the above procedure will grow
and the number of fibroblasts will increase as a function of
time. In the experiments, we find that the cells are more or
less uniformly dispersed immediately after planting and no
beatings of the cells are visible. As time goes on, the cells
begin to aggregate and clusters of myocyte are starting to
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FIG. 1. Time evolution of the power spectra of the beatings of the myocyte
clusters. Every line is a power spectrum obtained by FFT for data beating
data obtained every hour.

form. These myocyte clusters will grow and reach their
maximal size about 18– 20 h after plating. During this
growth, these clusters also start to beat but with different
frequencies in the beginning. And they start to synchronize
in about another 10 h. Beatings of the clusters are detected
by image processing and the method of power spectrum
analysis is applied to the synchronization process of these
beatings in a typical experiment as shown in Fig. 1.
It can be seen from Fig. 1 that immediately after plating,
there is no visible beating and the power spectra are always
flat lines during 0 – 18 h. Starting from the 18th hour, a peak
grows gradually in the power spectrum, indicating which
myocyte clusters start to beat. However, the width of the
peak is relatively wide. In other words, the clusters are beating with different frequencies. At later times, the peak grows
and moves to higher frequency. This shows that the beating
of the cluster become faster and are enhanced in strength. At
around the 30th hour, beating frequency reaches its maximum. After that, the position of the peak moves to lower
frequency and its width becomes narrower, indicating that
the myocyte clusters start to synchronize. That is, the cells
tend to synchronize at a lower frequency. All the above processes take place in about 40 h after plating. Note that during
this duration of time, the number of fibroblasts almost increases by almost four times. After about 40 h, the cardiac
cell culture enters into a synchronized state with travelling
waves.
An interesting finding of the experiment is that the synchronization of the cardiac myocytes is mediated by the passive elements of the systems, namely, the fibroblast. Detailed
analysis and comparison of the experimental data with a
simple Kuramoto model suggest that the synchronization can
be understood as produced by a nearly linear increase of the
coupling strength as a function of time because of the growth
of the fibroblast.14
In our numerical simulation of the cardiac tissue, which
will be presented in the next sections, we will reproduce four
main in vitro experimental observations:
共1兲 The appearance of oscillations in initially silent medium;
共2兲 the synchronization of oscillations;
共3兲 the appearance of spiral and target waves;
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共4兲 the nonmonotonic evolution of synchronization frequencies with increasing time of observation.
III. COMPUTER SIMULATIONS
WITH REALISTIC MODELS
A. Cardiac single cell models

We use different models to study the dynamics of passive, excitable, and oscillatory cardiac cells.
1. Cardiac myocytes and pacemakers

To model single excitable and oscillatory cell, we use the
Luo–Rudy phase I model.16 This model is defined by a system of eight ordinary differential equations 共ODE兲. The first
of them is the charge conservation equation,
Cm

dV
= − 共Iion + Iext兲,
dt

共1兲

where V is the membrane voltage measured in millivolts and
Cm = 1 F / cm2 is the membrane capacitance. The unit of
time here is in millisecond. Iext is the input stimulus, and Iion
is the sum of six ionic currents,
Iion = INa + Isi + IK + IK1 + IKp + Ib ,

共2兲

where INa is the sodium current, Isi is the slow inward calcium current, IK the potassium current, IK1 the timeindependent potassium current, IKp the plateau potassium
current, and Ib the background current. These currents are
measured in A / cm2 and defined by the following expressions:
INa = GNa · m3hj · 共V − ENa兲,
Isi = Gsi · df · 关V − Esi共V,c兲兴,
IK = GK · xxi共V兲 · 共V − EK兲,
IK1 = GK1 · k1i共V兲 · 共V − EK1兲,

共3兲

IKp = GKp · k p共V兲 · 共V − EK1兲,
Ib = Gb · 共V − Eb兲.
Here Gq and Eq with q 苸 兵Na, si , K , K1 , Kp , b其 denote the
maximal conductance and reversal potential of the corresponding ionic current. The gating variables gi
苸 兵m , h , j , d , f , x其 with i = 1 , . . . , 6, are governed each by an
ODE of the type,
ġi = ␣gi共V兲共1 − V兲 − ␤gi共V兲V.

共4兲

The nonlinear functions ␣gi共V兲 and ␤gi共V兲 as well as
Esi共V , c兲, xi共V兲, K1i共V兲, K p共V兲 are obtained from fittings to
experimental data.16 The dynamics of the internal calcium
ion concentration c is described by an ODE of the first order,
ċ = 10−4Isi共V,d, f,c兲 + 0.07共10−4 − c兲.

共5兲

The conductances and reversal potentials are the same as
those used in Ref. 17.

FIG. 2. Frequency of oscillations of an isolated Luo–Rudy cell vs the constant depolarizing current Iext.

This model demonstrates good qualitative and quantitative agreement with available experimental data on singlecell dynamics,16 as contrasted to other models such as the
FitzHugh–Nagumo model 共also used in this paper兲 employed
mainly for qualitative analysis.
The constant depolarizing current Iext allows us to control the cell dynamics. A single cell can be excitable 共cardiac
myocyte兲 or oscillatory 共pacemaker兲 depending on the magnitude of this current.18 The measured dependence of the
oscillation frequency of the cell on the value of the depolarizing current Iext is shown in Fig. 2.
Two bifurcations can be observed here. If the value of
Iext is to the left of the L1-line in Fig. 2, then the cell is
excitable. When the value of Iext reaches about −2.21, a limit
cycle appears in the phase space and, hence, the cell becomes
oscillatory. While Iext is within the range between −4.02 and
−4.06 共to the right of the L2-line兲, there is a bistability in
system dynamics. That is, depending on the initial conditions, the cell can either be oscillatory or excitable. Finally,
when Iext exceeds the point about −4.06 the cell turns back to
the excitable regime. Let us now examine these two bifurcations in more details. To start with, we investigated steady
states of the system and set all the right-hand sides of the
system equations equal to zero. By using Eqs. 共4兲 and 共5兲, we
can express all gating variables and calcium uptake in terms
of action potential V. After that, we substitute these expressions into Eq. 共3兲 and then the result to Eq. 共1兲. Thus we
obtained the equation of the form,
F共V,Iext兲 = 0,

共6兲

which defines the V-coordinates of steady states. The function F共V , Iext兲 for different values of Iext is shown in Fig. 3.
All roots of Eq. 共6兲 correspond to steady states of the
system, while the information of their type and stability is
contained in the eigenvalues of the system linearization matrix in the neighborhood of a steady state. At increasing absolute value of Iext ⬍ 0, the function F共V , Iext兲 will shift
upward.
Now let us turn to the first bifurcation. When Iext is less
than the value about −2.052 there is only the steady state,
namely, the stable node. Then, if Iext exceeds −2.052, the
function F共V , Iext兲 will shift up, creating two more roots of
Eq. 共6兲 and, therefore, two more steady states will arise. It
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FIG. 3. Function F共V , Iext兲 whose zeros define the V-coordinates of steady
states for different values of Iext. Increase of absolute value of Iext ⬍ 0 leads
to an upward shift of the function.

was shown that they are both saddles. With further increase
of Iext, the stable node and neighboring saddle collide on an
invariant curve at the point Iext = −2.210 21, and stable limit
cycle appears. Eventually, there is only one single saddle in
the system enclosed in the plane 共V, x兲 by the stable limit
cycle, arising from the invariant curve, and the cell consequently becomes oscillatory. All the steps described above
are presented in Fig. 4, where coordinates of steady states
and invariant curves are shown in projection to the plane 共V,
x兲 for different values of Iext.
The other bifurcation takes place at the values of Iext
about −4.02. There, the unstable focus, which is within the
stable limit cycle, becomes stable via Andronov–Hopf bifurcation with the onset of the unstable limit cycle around it.
With further increase of Iext from −4.02 to about −4.06 the
unstable limit cycle grows bigger and moves towards the
stable limit cycle. In that case a bistability in the system
takes place. At the approximate point Iext = −4.06 both limit
cycles collide and disappear, and the only attractor left in the
system is stable focus; thus the cell becomes excitable again.
This scenario is presented in Fig. 5. Note that the origin of
the unstable limit cycle was obtained approximately according to a set of calculations with various initial conditions.

FIG. 4. Steady states and invariant curve in phase space projected onto the
plane 共V , x兲 of a Luo–Rudy element for different values of Iext: 共a兲 Iext
= −2.06, 共b兲 Iext = −2.11, 共c兲 Iext = −2.21. Stable node is marked by “⫻” and
saddles are marked by “䊊”. At increasing Iext stable node and saddle collide
and, thus, stable limit cycle appears from the invariant curve, enclosing the
other saddle 关in the plane 共V, x兲兴.

2. Fibroblast model

For the modeling of fibroblasts, we use the differential
equation of the first order, proposed in Ref. 19,
−1
GF共VF − Erest兲.
V̇F =
CF

共7兲

Here EF is the fibroblast membrane potential, CF the fibroblast capacitance, GF is the junctional conductance. In one
element, there is one stable state Erest, fibroblast resting potential. In our experiments we use values of Erest from
−60 mV up to −10 mV.20 Figures 6共a兲 and 6共b兲 show typical
time-series of pacemaker cell, modeled by Luo–Rudy in oscillatory regime and excitable cell under influence of external current, modeled by Luo–Rudy in excitable regime. Figure 6共c兲 is the typical time series of a single fibroblast cell
under the influence of external current pulse. Behavior of a
fibroblast, in our model, is similar to the dynamics of a common capacitor.

B. Two cells: Generation and suppression
of oscillations

In order to gain insight into some basic mechanisms of
mutual interaction of cells of different types, we first consider an ensemble of only two coupled cells. We study two
different settings. In the first one, the passive cell 共fibroblast兲
is coupled to an oscillatory cell 共pacemaker兲, and in the second one, the passive cell 共fibroblast兲 is coupled to an excitable cell 共myocyte兲.
To describe the interaction between fibroblasts and myocytes, we use local diffusive coupling. Equation 共7兲 becomes
V̇F =

−1
关GF共VF − Erest兲 − dF−CM 共VCM − VF兲
CF
− dF−F共VFext − VF兲兴.

共8兲

Here EFext is the potential of another fibroblast coupled with
the considered element; dF−CM and dF−F are the coupling
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FIG. 7. Star topology: a myocyte 共modeled by the Luo–Rudy cell兲 is
coupled with all fibroblasts, and fibroblasts coupled only with myocyte.

strengths of fibroblasts with cardiac myocyte and another
fibroblast, respectively. In our experiments we use dF−CM
= dF−F = d.
1. Fibroblast-myocyte interaction

We performed a series of simulations in which one excitable myocyte was surrounded by identical fibroblasts 共star
topology, see Fig. 7兲. Fibroblasts were not coupled mutually
to each other.
Due to the uniformity of fibroblasts in our model and the
symmetry of star topology, fibroblasts would have identical
dynamics. That is why this experiment was performed with
one myocyte and only one fibroblast. Coupling strength from
myocyte to fibroblast dCM−⬎F and from fibroblast to myocyte
dF−⬎CM were not equal. For example, if we consider an ensemble of myocyte surrounded by three fibroblasts, then
dCM−⬎F = 3dF−⬎CM and
nF/nCM =

FIG. 5. Steady state and limit cycles in phase space projected onto the plane
共V , x兲 of a Luo–Rudy element for different values of Iext: 共a兲 Iext = −3.6,
共b兲 Iext = −4.048, and 共c兲 Iext = −4.5. With an increase of 兩Iext兩, unstable focus
becomes stable and the unstable limit cycle appears. Then, both limit cycles
collide; the only attractor left in the system is a stable focus and thus, the
cell becomes excitable.

dF−⬎CM
= 3,
dCM−⬎F

where nF = 3 , nCM = 1. This method allows the use all possible values of nF / nCM , which helps to perform simulation
experiments with better accuracy. In natural systems, nF / nCM
can be varied continuously, e.g., due to the cell membrane
capacitance of myocytes and fibroblasts or their volume
fraction.
Fibroblasts can change the qualitative and quantitative

FIG. 6. Time series of 共in unit of ms兲:
共a兲 pacemaker cell, modeled by the
Luo–Rudy element in an oscillatory
regime; 共b兲 excitable cell under the influence of an external current pulse
Iext = −2.5 A / cm2, modeled by the
Luo–Rudy element in an excitable
regime; 共c兲 fibroblast under the influence of an external current pulse Iext
= −1 A / cm2.
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FIG. 10. A 1D mixture: elements on the two ends are myocytes 共excitable
Luo–Rudy cells兲 共C1, C2兲 while elements in between are all fibroblasts. C1
is excited by an external current.

FIG. 8. Dependence of frequency of generated oscillations by an excitable
共if isolated兲 Luo–Rudy cell on the number of fibroblasts at different fibroblast resting potentials. For values of Erest considered, the area of oscillatory
regime can be observed.

creases. In all the considered values of Erest, oscillation death
can be observed after some critical value of nF / n PM has been
reached.

C. Pulse propagation in 1D mixture

behavior of the myocyte. For example, if the number of fibroblasts at some range of their resting potentials becomes
more than a critical value, the myocyte will go into an oscillatory regime. The frequency of the produced oscillations
increases with increasing number of fibroblasts 共nF / nCM 兲 except for a small interval at large values of nF / nCM for some
range of Erest 共see Fig. 8兲. However, a further increase of the
number of fibroblasts will kill the oscillations and the myocyte will be in the stable state, but its value depends on Erest
of fibroblasts.

2. Fibroblast-pacemaker interaction

Similar to the case of fibroblast-myocyte interactions, we
have also performed experiments in which the oscillatory
cell 共pacemaker兲 was surrounded by identical passive cells
共fibroblasts兲 via star topology 共Fig. 7兲.
The influence of fibroblasts can lead to the increase or
decrease in the frequency of the oscillations generated by a
pacemaker and it can also lead to oscillation death 共Fig. 9兲.
At some range of fibroblast resting potentials, the frequency
of oscillations produced by a pacemaker increases with increasing ratio between number of fibroblasts nF and number
of pacemakers n PM . At other values of fibroblast resting potentials, the frequency could increase only at relatively low
number of fibroblasts; at high nF / n PM , the frequency de-

FIG. 9. Dependence of frequency of generated oscillations by an oscillatory
Luo–Rudy cell on the number of fibroblasts at different fibroblast resting
potentials. For values of Erest considered, the boundary between the oscillatory regime and oscillation death can be observed.

In order to gain insight of the dynamics of complex heterogeneous ensembles, we studied pulse propagation in a 1D
mixture in which the first 共C1兲 and the last elements 共C2兲 of
the chain are myocytes, while the other elements are all fibroblasts with resting potential Erest = −15 mV 共see Fig. 10兲.
In the simulations we excited C1 by external current and
observed the response of C2.
Different cases of pulse propagation could be realized by
varying the coupling strength d and the number of fibroblasts
nF in the mixture 共Fig. 11兲. The first case we studied is at
weak coupling: a pulse originated from the first myocyte C1
becomes too weak to excite C2 after the propagation 关see
time series 共a兲 in Fig. 11兴. This kind of behavior is shown in
the parameter space marked by gray. Different behavior can
be observed if the coupling strength is rather high and the
number of fibroblasts is low: pulse from C1 excites C2 关see
time series 共b兲兴. In some cases, not every pulse can excite
C2, e.g., on time series 共c兲 we can see one excitation per two
pulses. The area in the parameter space corresponding to this
behavior is marked by black. The third case realized is at
strong coupling and many fibroblasts in the ensemble 共area

FIG. 11. Regions in the parameters space 共NF, d兲 corresponding to different
regimes of pulse propagation from C1 to C2: no excitation with different
stable states 共gray and white areas兲 and regime of C2 excitation 共black area兲.
The insets 共a兲, 共b兲, 共c兲, and 共d兲 are the typical time series 共time in ms, V in
mV兲 corresponding to these regimes.
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D. Lattices: Structures in changing the time media

FIG. 12. Modeling of the findings of experiments: there is a linear time
dependence of the coupling coefficient d共t兲, where d 苸 关0 ; 0.06兴 and t
苸 关0 ; 600兴 seconds. Every 10 s a snapshot of lattice potential was made and
average frequency of each cell was calculated.

In this section we study collective effects in 2D lattices
of coupled cardiac cells. In our simulation of 2D medium,
we study the discrete spatial system, i.e., modelled tissue is
composed of 100⫻ 100 elements. In this case, equations for
the variables 共potentials and gating variables兲 with indices
i , j can be considered as the variables of the individual i , jth
cell in the culture.24 First we consider the mixture of oscillatory and excitable cells, then—the mixture of oscillatory
and passive cells and finally—the mixture of passive and
excitable cells.
1. Mixture of oscillatory and excitable cells

in parameter space marked by white兲. C2 has weak oscillations near stable state Vst ⬇ −30 mV, and no excitations 关time
series 共d兲兴.
The example of pulse propagation along a fibroblast
chain with boundary cells being myocytes is closely related
to the concept of “internodal segments,” i.e., the portion of
the passive nerve fiber that is located between two active
zones, called Nodes of Ranvier.21 Like fibroblasts, internodal
segments are modelled by the equation having the same type
as Eq. 共8兲. The myocyte-fibroblast interaction, e.g., the start
configuration is also closely related to the neuron-glia
interaction.22 While the paper cannot thoroughly compare the
myocyte-fibroblast system with the work of the neuron-glia
interaction, some problems and models are similar.23

We model the 2D mixture of oscillatory and excitable
cells by the following system of coupled Luo–Rudy cells
with different depolarizing currents:
CmV̇i,j = − 共INa + Isi + IK + IK1 + IKp + Ib + Iext
i,j 兲 + d⌬d共Vi,j兲,
共9兲
Iext
ij ⬍ 0

where i , j are the lattice indices. In the equation,
is a
constant depolarizing current which is different for different
cells, d is the coupling coefficient, and ⌬d is the second-order
central difference operator 共discrete Laplacian兲. Similar to
real experiments 共see Sec. II兲, the coupling strength changes
linearly with time as shown in Fig. 12.
Figure 14 shows the measured average oscillation frequency profiles for one realization of the quenched random
current distribution in the interval 关−1.8, −3.2兴 at six time

FIG. 13. 共Color online兲 Calculated averaged frequencies of all the cells in the lattice of nonidentical oscillatory Luo–Rudy cells at the same time as in the snapshots in Fig. 14. With the growth of d, clusters of
synchronization appear. Then their size increases while
the total number of clusters diminishes. Finally, the regime of global synchronization corresponds to one cluster covering the whole lattice.
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FIG. 14. 共Color online兲 The snapshots of action potential Vi,j of the lattice of nonidentical oscillatory Luo–
Rudy cells at different moments of time 共different d兲.
Initial conditions for all elements were identical in the
refractory state. When the value of the coupling coefficient is rather small 共d = 0.0005, d = 0.003兲 there are no
waves in the lattice. With an increase of d, spiral waves
appear. Then the width of the wave front increases
while the total number of waves diminishes. Finally, the
regime of global synchronization settles in as target
waves.

steps: 关5, 30, 50, 200, 450, 600兴 s. The corresponding snapshots of membrane voltage Vi,j at the ends of these intervals
are shown in Fig. 13. In the beginning of the simulations,
there is not any ordered behavior 关Figs. 13共a兲 and 14共a兲兴.
After some time, frequency clusters are starting to form 关Fig.
14共b兲兴, but they consist of no more than a few elements, and
the activity in the lattice looks incoherent 关Fig. 13共b兲兴. With
increasing time, the clusters get larger 关Fig. 14共c兲兴. As the
clusters grow, the size of these clusters is large enough for
the existence of propagating waves in the cluster areas. Due
to the strong heterogeneity of medium, these waves are spiral
waves 关Fig. 13共c兲兴. Because spiral waves are the fastest
sources of waves, the frequencies of synchronous oscillations
in clusters become larger. After further increasing t 共and correspondingly d兲 the number of clusters and correspondingly
the number of spiral waves decreases 关Figs. 13共d兲, 13共e兲,
14共d兲, and 14共e兲兴. Finally at an even later time, a globally
synchronous regime sets in. Our simulation experiments
show that, at relatively large time, only one pacemaker can
exist in the whole lattice and it governs the collective behavior of the whole lattice 关Figs. 13共f兲 and 14共f兲兴. Target waves
generated by the pacemaker entrain all cells to oscillate with
the pacemaker frequency. By the transition from fully nonsynchronous behavior to global synchronization, the evolution of frequency distribution looks very similar to the case
observed in real experiments. That is, with increasing time,
an initially wider frequency distribution becomes narrower at
later times and finally only one frequency—the frequency of
the single pacemaker—is observed. During these changes of
frequency as a function of time, the mean oscillation fre-

quency of the system increases initially due to the existence
of spiral waves at early times and then decrease at later times
because of the transition to target waves.
2. Mixture of oscillatory and passive cells

The main effect observed in these series of numerical
experiments is the oscillation death. We consider a mixture
of 共i兲 oscillatory cells with randomly distributed Iext
i,j
苸 关−2.3; −3.2兴 and correspondingly with randomly distributed individual frequencies, and 共ii兲 passive cells with Erest
i,j
= −40 mV. The time dependence of the coupling is the same
as in the previous section 共see Fig. 12兲. Figure 15共a兲 shows
the dependence of the number of oscillating cells No normalized by the total number of cells in the lattice N on the
coupling parameter d. Starting from d ⬇ 0.02 there are no
oscillating cells in the lattice.
In Fig. 15共b兲 the same dependence is plotted again but in
logarithmic scale together with an exponential form. It can
be seen that the d dependence of No / N can be described by
an exponential form,
No
⬵ 1.47e−400d .
N
3. Mixture of passive and excitable cells

This set of numerical experiments shows the effect of
oscillations onset in the 100⫻ 100 lattice of excitable and
passive cells. Two conditions are imposed in these simulations: 共i兲 the value of depolarizing current Iext of excitable

This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
128.42.202.150 On: Tue, 25 Nov 2014 01:46:18

037129-9

Chaos 18, 037129 共2008兲

Synchronization phenomena in mixed media

increase of d the number of oscillating elements also increases. The value of d when oscillations settle in may be
estimated with the following argument. Let us consider two
coupled elements: excitable and passive. The main equation
for the excitable cell is in the form,
CmV˙e = F共Ve兲 + d共V f − Ve兲.

FIG. 15. 共a兲 The d 共coupling parameter兲 dependence of the number of oscillating cells No normalized the whole number of cells N in the lattice. 共b兲
The same dependency in logarithmic scale and the plot of an exponential
form.

cells is equal to −2 and 共ii兲 passive cells have Erest
i,j
= −40 mV. Figure 16 shows the results of simulations for
different values of coupling coefficient. Oscillations arise
when d reaches the value of about 0.003 and with further

As both cells are initially in their stable steady states, then
the values of V f and Ve are about −75 mV and −40 mV,
respectively, i.e., V f ⬍ Ve. In this case the term d共V f − Ve兲 may
be considered as the depolarizing current analogous to Iext
and this analogous current makes the effect of oscillations
onset in such lattice possible. If the effective depolarizing
current defined as Iext + d共V p − Ve兲 exceeds the bifurcation
value of about −2.21, then the excitable cell becomes oscillatory. In the case of two coupled elements with Iext = −2 for
excitable cells and Erest = −40 mV for the passive cell, a
simple check shows that the value of the coupling parameter
d large enough for oscillation initiation is about 0.005. In the
case of the 2D lattice, where one element connected to four
neighbors, this value will depend on the configuration in
each node, i.e., how many passive cells bound with an excitable one.
IV. THEORETICAL BASIS: FITZHUGH–NAGUMO
MODEL

More detailed explanation of the results observed in vitro
can be obtained by the study of a rather simple paradigmatic
FitzHugh–Nagumo 共FHN兲 system. Modeling of this system
gives qualitatively similar results as we obtained using the

FIG. 16. 共Color online兲 Snapshots of action potential
Vi,j in the 100⫻ 100 lattice containing 50% excitable
Luo–Rudy elements and 50% fibroblasts for different
values of d. Oscillations arise starting from the value d
rest
at about 0.003. Resting potential of fibroblasts Ei,j
= −40 mV.
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FIG. 18. Regions of passive and excitable behavior of the FHN element,
marked by F in the 1D mixture shown.

FIG. 17. Regions of oscillatory, excitable, and passive behavior of the FHN
system. The curve of slow motions is shown by the solid line. Null-clines of
horizontal slopes at different a, separating regions of different behavior, are
shown by dashed lines. a1 = 8 / 3 , a2 = 1 / 3 共1 − 兲3/2, a3 = − 1 / 3 共1 − 兲3/2, a4
= − 8 / 3 . ABCD is the limit cycle in case of oscillatory behavior. Typical
cases of mixture of oscillatory and excitable cells are shown by black and
white triangles. Typical cases of mixture of oscillatory and passive cells are
shown by black squares. Typical cases of mixture of excitable and passive
cells are shown by white squares.

Luo–Rudy system. But some effects can be obtained analytically.
A. Single cell: Classification of system behavior

The FHN system is described by the following
equations:26
ẋ = x −

x3
− y,
3

ẏ = 共x − y + a兲.

共10兲

Here variable x is associated with a cell’s membrane potential and variable y with common permeability of the cell’s
ionic currents.  is a small parameter. Parameter a is a parameter which controls the dynamics of the system.
The curve of slow motions 共null-cline: y = x − x3 / 3 兲 is
shown by a solid line in Fig. 17. Null-clines of horizontal
slopes y = x + a at different values of a are shown by a dashed
line in Fig. 17. The curves h−共x兲 and h+共x兲 are the left and
right stable parts and h0共x兲 is the unstable part of the curve of
slow motions, respectively.
If the value of the control parameter a lies between
− 1 / 3 共1 − 兲3/2 and 1 / 3 共1 − 兲3/2, the system will have an unstable steady state on h0 and a stable limit cycle ABCD,
which consists of fast and slow parts because of the smallness of  共Fig. 17兲. Fast parts of the limit cycle are shown by
dotted lines and marked by arrows. If 兩a 兩 ⬎ 1 / 3 共1 − 兲3/2, the
system has a stable state on the intersection of the curve of
slow motions and null-cline of horizontal slopes.
The values of a = ⫾ 1 / 3 共1 + 冑兲3 are the boundaries between stable focus and stable node while the value of a
= ⫾ 1 / 3 共1 − 冑兲3 are boundaries between unstable focus and
unstable node. If the stable state is located on the left part of
the curve of slow motions 关a ⬎ 1 / 3 共1 − 兲3/2兴, we will refer
to the BC part 共h+兲 as an active phase and the DA part 共h−兲 as

a passive phase. Otherwise, when a ⬍ − 1 / 3 共1 − 兲3/2, we will
then refer to h− as an active phase and h+ as a passive phase.
In order to classify a FHN system as oscillatory, excitable or passive 共like pacemakers, myocytes, and fibroblasts
in heart tissue兲, we consider a FHN system with an external
current,
ẋ = x −

x3
− y + Iext,
3

ẏ = 共x − y + a兲.

共11兲

If the value of 兩a兩 lies between 1 / 3 共1 − 兲3/2 and 8 / 3 , there
is such a current which will cause the system to go through
the active phase 共BC or DA兲. For this case, we consider the
system as excitable. Otherwise, 共兩a 兩 ⬎ 8 / 3 兲, there is no pulse
of external current leading the system through the active
phase. So for this case of 兩a 兩 ⬎ 8 / 3 , we consider this element as passive.
We performed numerical experiment with a chain of elements with unidirectional coupling. The first element of the
chain is an oscillatory cell while the others except the last
one are excitable with a = 0.4. We varied coupling strength
and the value of a of the last element. If, at the established
regime, the element spends more than 1 / 20 of the period
near the active phase h+, we will consider the element as
excitable; otherwise, as passive. The results 共see Fig. 18兲
show that for this type of ensemble, the system can be considered as passive even at a ⬎ 1.06.
B. Two coupled cells: Transitions from excitability
to oscillations and from oscillations
to excitability—Characteristics of mutual influence

In the Luo–Rudy model, we have numerically obtained
the time varying qualitative and quantitative behavior of
myocytes under the influence of fibroblasts. In order to explain this phenomena analytically, we consider two coupled
FHN elements,
ẋ1 = x1 −

x31
− y 1 + d1共x2 − x1兲,
3

x3
ẋ2 = x2 − 2 − y 2 + d2共x1 − x2兲,
3

ẏ 1 = 共x1 − y 1 + a1兲,
共12兲
ẏ 2 = 共x2 − y 2 + a2兲.

Let us consider the first element as a passive one 共a1 = −3兲
and the second element as an excitable one 共a2 = 0.7兲 with
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FIG. 19. Bifurcation diagram of two coupled FHN elements. Curves l1 and l2 separate excitable and oscillatory behavior of the second element. The first element,
if isolated, is passive 共a1 = −3兲; the second element, if
isolated, is excitable 共a2 = 0.7兲. Dependence of frequency at the oscillatory regime on d2 at different values of d1 is shown.

d1,2 being the coupling strengths. In the case of weak coupling strength d1 with
d1  3兩a1兩,

共13兲

we obtained the x-coordinates of stable state
x̄2 = − sign共R兲兵兩R兩 + 冑R2 + 关d2 − d12共3a1兲−2/3兴3其
+

d2 − d1d2共3a1兲−2/3

sign共R兲兵兩R兩 + 冑R2 + 关d2 − d1d2共3a1兲−2/3兴3其

x̄1 = − 共3a1兲1/3 +

x̄2 + 共3a1兲1/3
d1 ,
共3a1兲2/3

,

共14兲

R = 1.5a2 + 1.5d2共3a1兲1/3 − 1.5d1d2共3a1兲−1/3 ,
and investigated its stability by finding the roots of the following characteristic equation:
4 + 共2 + A兲3 + 共2 + 2A + B + 2 − d1d2兲2

and quantitative behavior of excitable and oscillatory elements. At increasing number of passive cells, excitable elements could go into the oscillatory regime and then to the
excitatory regime with another stable state, similar to the
results of numerical experiments with Luo–Rudy and Kohl
models. If an oscillatory element 共pacemaker兲 interacts with
passive cells, there is a critical value of passive elements,
which will cause oscillation death and the pacemaker will
become an excitable element.
Here, one can see the connection with neural systems
because the FHN system is also used for modelling neurons
as well. Some similar effects in neural systems were obtained
in Ref. 23. Similar phenomena in a net of bistable FHN
elements under weak signal influence and with the presence
of noise were investigated in Ref. 25.
C. Lattices: Main effects

The two-dimensional lattice of 100⫻ 100 coupled FHN
cells is described by the following set of ordinary differential
equations:

+ 关 A + 2B + 共A + 2兲 − 2d1d2兴
2

+ 2共A + B + 1 − d1d2兲 = 0,
A = x̄21 + x̄22 + d1 + d2 − 2,

共15兲

B = 共x̄21 + d1 − 1兲共x̄22 + d2 − 1兲.
Analysis of Eq. 共15兲 shows that after the coupling
strength exceeds some critical values, the excitable element
having stable state on h− goes into the oscillatory regime due
to Andronov–Hopf bifurcation 共see curve l1 in Fig. 19兲. With
further increase of the coupling, the element goes to the
nonoscillatory regime due to Andronov–Hopf bifurcation
共see curve l2兲, with the stable state located on another part of
the curve of slow motions h+ 共see Sec. III A 1 for the Luo–
Rudy model兲. Curves l1 and l2 were obtained analytically.
In the oscillatory regime, we calculated the frequency of
the oscillations 共inset of Fig. 19兲. The dependence of frequency on d2 was obtained numerically except for the case of
d1 = 0 which is done analytically. In numerical calculations,
there is no restriction as Eq. 共13兲 related to the small values
of d1.
Thus, we obtained analytically by using the FHN model
that interaction with passive cells can change the qualitative

ẋi,j = xi,j −

x3i,j
− y i,j + d⌬d共xi,j兲,
3

ẏ i,j = 共xi,j − y i,j + ai,j兲,

共16兲

where i , j = 1 , . . . , N and the control parameter ai,j will be
chosen to obtain passive cells, excitable cells, and oscillatory
cells of different types. Another control parameter is d, the
strength of the electrical coupling. This parameter can be
constant and can be linearly varying in time. In our simulations, we consider randomly distributed cell types in the lattice. The number of passive cells located initially 共without
coupling兲 共i兲 on the passive part h− will be denoted by N−p ,
共ii兲 on the active part h+ will be denoted by N+p . Similarly, the
number of excitable cells located initially 共i兲 on the passive
part h− will be denoted by N−e and 共ii兲 on the active part h+
will be denoted by N+e with the number of oscillatory cells as
No. 共For oscillatory cells, we will study the case where parameter a 苸 关0.2: 0.33333兴.兲 The ratios between the numbers
of different cell types are also considered as control parameters. Based on the results obtained for two coupled cells, we
will study four following cases. The lattice consists of:
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FIG. 20. 共Color online兲 Snapshots of xij in the lattice of
100⫻ 100 oscillatory and excitable FHN cells at four
different times shown as their corresponding coupling
strength. Initial conditions for all elements were identical with x0 = −1.5 and y 0 = 0. A uniform random distribution of the control parameter aij 苸 关0.2333, 0.4333兴 is
used.

共i兲
共ii兲
共iii兲
共iv兲

Oscillatory and excitable cells located initially on the
passive part h−. Ratio No / N−e is changed.
Oscillatory and passive cells located initially on the
passive part h−. Ratio No / N−p is changed.
Oscillatory and passive cells located initially on the
active part h+. Ratio No / N+p is changed.
Excitable cells located initially on the passive part h−
and passive cells located initially on the active part
h+. Ratio N−e / N+p is changed.

For the first two configurations mentioned above, our
main goal is the study of transitions from fully disordered

behavior to partial and then to the global synchronous state.
In order to test for the existence of the synchronization regime, we use the following criteria. Two cells: i1 , j1 and i2 , j2
are m : n synchronized 共m and n are integers兲, when
m⍀i1,j1 = n⍀i2,j2 ,

共17兲

where ⍀. is the observed oscillation frequency.
We performed a series of numerical experiments with a
lattice of 100⫻ 100 FHN elements with randomly distributed
parameters a 苸 关0.2: 0.4兴 共the number of oscillatory cells is
two times larger than the number of excitable elements兲.

FIG. 21. 共Color兲 Calculated averaged frequencies ⍀i,j
in the lattice of 100⫻ 100 oscillatory and excitable
FHN cells at four different time intervals shown as their
corresponding coupling strength. Initial conditions for
all elements were identical with x0 = −1.5 and y 0 = 0. A
uniform random distribution of the control parameter
aij 苸 关0.2333, 0.4333兴 is used.
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Coupling strength was growing from d = 0 up to d = 1 linearly
with time. Snapshots of xij variable of the system and the
measured frequencies ⍀i,j at different time intervals 共indicated by the corresponding coupling strengths兲 are shown in
Figs. 20 and 21, respectively.
For the third configuration, the main effect observed is
the oscillation death in initially oscillatory cells. As for the
fourth configuration, we have observed first the generation of
oscillation in only several cells and then the formation of
clusters of oscillating cells. Afterwards, the transitions to
cluster synchronization and finally the appearance of global
synchronization.
1. Cluster and global synchronization mediated
by concentric and spiral waves

In this section we study the lattices of 100⫻ 100 cells.
Transitions from nonsynchronous to synchronous behavior
will be studied as the distribution of the control parameter
ai,j is varied. First, the lattice is formed from oscillatory and
excitable cells located initially on the passive part h−
共marked as 䉭兲. To obtain oscillatory cells parameter, ai,j is
uniformly distributed in the interval Ao = 关0.2; 0.3333兴. For
excitable cells, ai,j is uniformly distributed in the interval
Ae = 关0.3333; 0.4兴. Therefore, the ratio No / Ne ⬇ 2. Because of
the random distribution of ai,j 苸 Ao, all oscillatory cells have
different natural frequencies. In our study, we simulate a total of five lattices with different realizations of random distributions of ai,j at different coupling strength d mentioned
above. The initial conditions are chosen to be identical in
each cell. We simulate the system dynamics on the interval
of 5 · 104 time units. Within this interval, we allow for a transient time of Ttr = 1 · 104 units for the transient processes to be
over and a stationary regime to set in. The duration of Ttr is
chosen in such a way that a further increase of it does not
lead to changes in the measurement results. In the subsequent observation time of Tob = 4 · 104 units we measure the
individual average oscillation frequencies of each cell. For
the observations, we record each positive maxima of xi,j. We
estimate the average oscillation frequency of the 共i , j兲th element as ⍀i,j = 共ni,j − 1兲 / ⌬ti,j, where ni,j is the number of positive maxima of xi,j, and ⌬ti,j is the time elapsed between the
first and the last maximum.
In Fig. 21 we plot the observed frequencies ⍀i,j of all
oscillatory elements in a lattice with one realization of the
random distribution of ai,j described above as a function of
d. Because of the influence of oscillatory neighbors, some of
the initially excitable elements start to oscillate. If the maximum value xmax
i,j of these elements become positive, we consider them as oscillatory and their corresponding frequencies
are measured. If some elements oscillate but xmax
i,j is negative,
then the corresponding frequency ⍀i,j = 0. With increasing
coupling strength, more and more cells become oscillatory.
These cells are usually located close to the other oscillatory
cells. This scenario leads to the formation of clusters of oscillatory elements. The fastest element in each cluster entrains its neighbors to oscillate with its frequency. So, clusters of synchronously firing cells appear. Since the individual
frequencies are different, the synchronization frequency in
clusters are also different as well.

In the beginning, the sizes of these clusters are small.
But with increasing coupling strength, their sizes become
larger. In large enough clusters, one can see propagation of
concentric waves from the fastest cell to the boundaries.
With further increase in the coupling strength, these sources
of concentric waves start to interact. The competition between two and several such sources was studied in Refs.
27–29. It was shown that all slower sources will be overtaken by the faster source and finally only the source of
target waves with the highest frequency remains in the medium. In our study, we observe another evolution of collective wave dynamics. The strong heterogeneity of the medium
causes the break up of wavefronts of concentric waves and
spiral waves can occur. The position of the tips of spiral
waves is not connected to the position of fastest element in
the cluster. It is located in the point close to the point of
target wavefront break up. Because of this latter effect, the
clusters of synchronization will be formed around this point
and therefore do not coincide with previously 共before spiral
appearances兲 existing clusters. It should be noted that synchronous clusters are separated by nonclustered layers; regions of cells which do not belong to any cluster. But since
the spiral waves will occupy larger and larger areas as coupling strength is increased, sizes of clusters become larger in
time. When the clusters are large enough, the spirals start to
interact and the fastest spiral becomes dominate in the medium due to this interaction. As a result, the regime of global
synchronization sets in. Since spirals have higher frequencies
than target waves, the whole medium starts to oscillate faster.
Our simulations show clearly this acceleration. However, after a single spiral wave has established itself in the whole
medium, its tip will move to the boundary, transforming the
spiral wave into a target wave. As a result, the frequency of
the oscillations decreases.
2. Oscillation death

Numerical experiments with mixture of oscillatory and
passive elements show that oscillation death takes place at
increasing coupling strength due to the interaction of oscillatory and passive elements 共Fig. 22兲, similar to that in the
Luo–Rudy model. This effect in the FHN model can be explained in the following way. First, the initially oscillatory
elements have an unstable steady state, located on h0 共Fig.
17兲. Because of the interaction with passive cells, this steady
state moves to the stable part of the curve of the slow motions and becomes stable; thus the oscillations stop.
The ratio 共N0 / N兲 between the number of oscillating element 共No兲 and total number of elements 共N兲 in the lattice as
a function of the growing coupling strength 共d兲 is measured
in three numerical experiments with three different random
distributions of parameter aij and the result is shown in Fig.
23. One can see the oscillation death in the initially active
media. Qualitatively similar effects using another model
were investigated in Ref. 30.
3. Oscillation generation in an initially silent medium

We performed numerical experiments with mixture of Ne
excitable and N p passive cells. Typical position of stable
states of the elements are shown by open rectangles in Fig.
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FIG. 22. 共Color online兲 Snapshots of xij in the lattice of
100⫻ 100 oscillatory and passive FHN cells at six different times shown as their corresponding coupling
strengths. A uniform distribution of the control parameter is used such that about half of the elements are
oscillatory while the other half are passive when
isolated.

17. We considered the case of N p ⬇ 2Ne when coupling
strength increases with time. Snapshots of xij in a 2D lattice
of 100⫻ 100 excitable and passive FHN cells at six different
times indicated by their corresponding coupling strength are
shown in Fig. 24. At d ⬇ 0.025 some cells start to oscillate.
Then structure formation 共d = 0.075, d = 0.1兲 was observed. At
further increase in the coupling strength, one can see the
oscillation generated by some pacemakers. The number of
pacemakers decreases at increasing coupling strength. Thus,
Fig. 24 shows that oscillations could be induced by the in-

teraction of excitable and passive cells. The same effect was
observed in the Luo–Rudy model. In the FHN model, this
phenomenon occurs because the steady state of the excitable
element moves to an unstable part of the curve of slow motions. Thus, the steady state becomes unstable and oscillations begin. When the coupling strength is further increased,
this unstable state could move to the stable part of the curve
of slow motions and becomes stable again, stopping the oscillations.
Our numerical experiments show that this phenomenon
of oscillation generation depends on the initial conditions in
the media with fixed ratio of Ne / N p ⬇ 1. It is noteworthy that
for Ne / N p  1 or Ne / N p  1, oscillations cannot occur both
in the Luo–Rudy–Kohl mixture and FHN elements.
V. CONCLUSIONS

FIG. 23. The coupling strength dependence of the ratio N0 / N between oscillating and all elements in the lattice of 100⫻ 100 oscillatory and passive
FHN cells. See text for details of the simulations. The solid line is a fit to the
measured data.

In this paper, we investigate the dynamics in highly heterogeneous cardiac cell culture and its modelling. The cardiac culture is considered as a mixture of passive 共fibroblasts兲, oscillatory 共pacemakers兲 and excitable 共myocytes兲
cells. There is also heterogeneity within each type of cells as
well. For instance, oscillatory cells have different individual
frequencies. Our results of in vitro experiments show that the
synchronization of oscillatory cells is mediated by the passive elements. The results are confirmed in numerical experi-
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FIG. 24. 共Color online兲 Snapshots of xij in a 2D lattice
of 100⫻ 100 excitable and passive FHN cells at six
different times shown as their corresponding coupling
strengths. A uniform distribution of the control parameter is used such that about 33% of the elements are
excitable while the other 67% are passive when
isolated.

ments. We used the Luo–Rudy model to simulate oscillatory
cells 共pacemakers兲 and excitable cells 共cardiac myocytes兲.
Our bifurcation analysis of the Luo–Rudy element shows
that with increasing the external current, the transition from
excitability to oscillations takes place due to a saddle-node
bifurcation on invariant curve and transition from oscillatory
to excitable behavior takes place via the Andronov–Hopf bifurcation. Effects of generation oscillations due to interaction
of excitable and passive cells and oscillation death in a mixture of oscillatory and passive or excitable elements were
obtained numerically in ensembles of Luo–Rudy and Kohl
cells and analytically in ensembles of FitzHugh–Nagumo elements. Bifurcation analysis is performed in the Luo–Rudy
model.
Our results provide a better understanding of the effects
taking place in a heterogeneous lattice at growing coupling.
When the coupling is low, one can observe chaotic dynamics
and then spiral chaos takes place. At increasing coupling,
only the fastest spiral survives and then due to an increase of
the excited region it transforms itself into a target wave. Up
until now, there is still no consistent description of behavior
of ensembles of oscillatory, excitable, and passive elements.
We investigated the influence of passive elements on the dynamics of mixtures oscillatory and excitable cells. A better
understanding of the behavior of ensembles containing oscil-

latory, excitable, and passive elements seems to be very important now because the behavior of the homogeneous and
heterogeneous ensembles could be absolutely different.
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